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FAST ENCLOSURE FOR ALL EIGENVALUES AND INVARIANT
SUBSPACES IN GENERALIZED EIGENVALUE PROBLEMS*
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Abstract. Two fast algorithms for enclosing all eigenvalues and invariant subspaces in gener-
alized eigenvalue problems are proposed. In these algorithms, individual eigenvectors and invariant
subspaces are enclosed when eigenvalues are well separated and closely clustered, respectively. The
first algorithm involves only cubic complexity and automatically determines eigenvalue clusters. The
second algorithm is applicable even for defective eigenvalues. Numerical results show the properties
of the proposed algorithms.
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1. Introduction. In this paper, we are concerned with the accuracy of numeri-
cally computed solutions in the generalized eigenvalue problems

(1.1) Ax = \Buz, A, BeC"™™ XeC, zeC"

where A is an eigenvalue, x # 0 is an eigenvector corresponding to A, and B is
nonsingular. Let k < n, and P, € C"** and A € CF*F satisfy AP, = BP,A, where
A is not necessarily diagonal. The eigenvalues of A are those of (1.1), and span(Ps)
is called the invariant subspace in (1.1) corresponding to these eigenvalues. The
eigenvectors in (1.1) corresponding to these eigenvalues are included in this subspace
(see [1], e.g.).

We consider enclosing eigenvalues and invariant subspaces using floating point
operations. There are several algorithms for enclosing them, e.g., [2, 3,4, 5,6, 7, 8,9,
10, 11]. The algorithms in [2, 3, 4, 7, 10, 11] are applicable when A is Hermitian and
B is Hermitian positive definite, and require O(n?) operations. The algorithms in [2],
[3], [10], and [11] are based on Temple quotients, variational principles, and Cholesky
and LDLT factorizations, respectively, and enclose a few specified eigenvalues. The
algorithms in [4] and [7] are based on perturbation theories and enclose all eigenvalues
and all eigenvalues and invariant subspaces, respectively. The algorithms in [5, 6, 8, 9]
are applicable even when A is not Hermitian and/or B is not Hermitian positive
definite and also require O(n?®) operations. The algorithms in [5, 6] are based on
the perturbation theories and enclose all eigenvalues. The algorithms in [8] and [9]
are based on nonlinear equations arising from (1.1) and APs; = BP,A, respectively,
and enclose a few specified eigenvalues and invariant subspaces. The algorithm in
[9] is applicable even for defective eigenvalues, although the other algorithms are not
applicable in this case.

The purpose of this paper is to propose two algorithms for enclosing all eigenval-
ues and invariant subspaces, which are applicable even to the non-Hermitian cases.
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In these algorithms, the nonsingularity of B is not assumed but proved, and indi-
vidual eigenvectors and invariant subspaces are enclosed when eigenvalues are well
separated and closely clustered, respectively. The first and second algorithms are
based on nonlinear equations obtained by transforming AP, = BP;A utilizing gener-
alized eigendecomposition (GED) and block diagonalization (BD) analogous to [12],
respectively. Let my and my be numbers of well-separated eigenvalues and eigenvalue
clusters, respectively, and m := mj +mo. All the eigenvalues and invariant subspaces
can be enclosed by repeatedly executing the algorithms in [8, 9]. If we adopt this
approach, on the other hand, O(mn?) operations are required. However the proposed
algorithms do not require O(mn?) operations (see sections 3.4 and 4.3). This effi-
ciency comes from exploitation of sparse matrices obtained by the GED or BD. The
first algorithm involves only O(n?) operations and first computes n disks containing
all the eigenvalues based on the Gershgorin theorem. If k of the disks form a con-
nected domain which is isolated from the other disks, therefore, this domain contains
precisely k eigenvalues. By utilizing this property, this algorithm automatically de-
termines eigenvalue clusters, whereas the algorithm in [9] requires users to determine
them. The second algorithm is applicable even for defective eigenvalues. We finally
report numerical results to observe the properties of the proposed two algorithms.

2. Preliminaries. In this section, we introduce notation and theories utilized
hereafter. For M € C™*", let M;; and M.; denote the (7,j) element and the jth
column of M, respectively, |M| := (|M;;|), MT = (Mj;), | M|l := max; > 1Ml
| M||m := max; j |M;;|, and vec(M) := (M7T, ..., ML)T. When m = n in particular,
p(M) and p(M) denote the spectral radius of M and an upper bound of p(M), re-
spectively. For M, N € R"™*" M < N means that M;; < N;; follows for all ¢ and j.
For v € C™, v; denotes the ith component of v. For v, w € C"™ with ||w||« < 1, define
0]l := max;(Jv;| /(1 — |ws])). Let I, e and 1 be the n x n identity matrix, the ith
column of I,,, and the column vector with proper dimension all of whose elements are
1, respectively. For M€ € C"™*"™ and M" € R™*" where M" has nonnegative compo-
nents, (M¢, M") denotes the interval matrix whose center and radius are M© and M",
respectively. When m = n = 1, especially, (M ¢, M") geometrically means a disk in the
complex plane. Let o and ./ be the pointwise multiplication and division, respectively.
The notation fl(-) and fla (-) denote results of floating point computations, where all
operations inside parentheses are executed by ordinary floating point arithmetic in
rounding to nearest and rounding toward +oo modes, respectively. The notation fl(-)
denotes a rigorous upper bound of inside parentheses obtained by rounding mode
controlled floating point computations. Let eps, realmin, ® and F be machine ep-
silon, the smallest positive normalized floating point number (especially eps = 2752
and realmin = 271022 in IEEE 754 double precision), the Kronecker product (see
[13], e.g.) and the set of all floating point real numbers, respectively. For a Fréchet
differentiable matrix function F'(X) where X € C™*", denote the Fréchet derivative
of F' at X applied to the matrix H by F (H). We introduce Lemmas 2.1, 2.2, 2.3,
and 2.5 and Corollary 2.4.

LEMMA 2.1 (e.g., Golub and Van Loan [1]). For S € C™*" and 1 < p < oo, if
I1S]l, < 1, I, — S is nonsingular.

LEMMA 2.2 (e.g., Horn and Johnson [13]). For any complex matrices K, L,
M, and N with compatible sizes, it holds that (K @ L)(M @ N) = (KM ® LN) and
vec(LMN) = (NT ® L)vec(M).

LEMMA 2.3 (Minamihata [14]). Let S € C™*", f € C" and t := |S|1. If
ltlloo < 1, then I,, — S is nonsingular and |(I, — S)7||f] < |f| + || f|l«t holds.
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Proof. Lemma 2.1 and ||S||c = ||t||c < 1 give the nonsingularity of I,, — S. The
Neumann series gives

(o = )71 14 181 +181+ ST+ )11 = 11+ 1810 ~ 1S 717
) L (Ot Ot
— 111+ 1810 - 15 (RS ROt

<171+ UAdS1(E ~ 187 (1~ )

= 171+ 170181~ 1)~ [SDT =171 + 71t O

COROLLARY 2.4. Let S and t be as in Lemma 2.3 and F € C"*F. Assume

lltlloo < 1 and define w = (||[Fall¢,. .., [|Ex|¢)T. Then I, — S is nonsingular and
|(I, — S)7Y|F| < |F| + tw” follows.
Proof. The identity |F| = (|F.1],...,|Fk|) and the applications of Lemma 2.3 to

|(I, — S)"Y|F,;|,  =1,...,k, show the result. O

LEMMA 2.5. Let M € C"™", v € C", and v; # 0V i. Then (M./(v1T))1 =
(M1)./v holds.

Proof. The result follows from (M./(v1T)1 = (30, Myi/vi,. .., >y Mni/

v)' = (M1).Jv. O

3. Enclosure utilizing GED. In this section, we establish theories for enclosing
all the eigenvalues and invariant subspaces based on the GED AX = BXD, X, D €
C™*" where D is diagonal. If B is nonsingular (this can be verified by the algorithm in
this section), the GED exists, although X is not always nonsingular. We also propose
an algorithm for enclosing them based on the established theories. In section 3.1, we
cite and construct a previous and a new theory for computing n disks containing all
eigenvalues, respectively. In section 3.2, we present a theory for enclosing an individual
eigenvector in the case when one of the disks is isolated from the other disks. In
section 3.3, we establish a theory for enclosing invariant subspaces in the case when
some of the disks are connected. The algorithm based on these theories is proposed
in section 3.4. Let X and D be the numerical results for X and D, respectively, and
let Y be an approximation of (BX')*l. Then we can expect AX — BXD ~ 0 and
I, —YBX ~0.

3.1. Disks containing all eigenvalues. We cite Theorem 3.1 as the previous
theory for enclosing all the eigenvalues. Corollary 3.2 and Lemma 3.4 are presented
for enclosing them and clarifying the advantage of Corollary 3.2, respectively.
~ TueoreM 3.1 (Miyajima [6]). Let D, X, Y € C" " be given, D be diagonal,
Ni=Dj,i=1,....,n, Ri=Y(AX —BXD), and S := I, - YBX. If | S|l < 1, then
B, X, and Y are nonsingular, and all the eigenvalues are included in Ui, Niy 7i),
where = |R|1 + (| Rlloo/ (1 — [1S]0))ISIL.

COROLLARY 3.2. Let X, Y, \;, R, and S be as in Theorem 3.1, t :== |S|1 and
w:= |R|L. If |[t|oo < 1, then B, X, and Y are nonsingular, and all the eigenvalues
are included in J'_, (\i, i), where r:=u + |Ju|;t.

Proof. Let D be as in Theorem 3.1. Similarly to [6, proof of Theorem 3], [|S]|cc =
|t]|oo < 1 implies the nonsingularities of I,, — S, B, X, and Y, (1.1) is equivalent to
the standard eigenvalue problem

(3.1) (D+Qy=Xy, Q=L —9"'R, y:=Xla
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and all the eigenvalues are included in (J}", (\;, (|Q|1);). From Lemma 2.3, we have
Q|1 < |(I, — S)~Yu < r, showing the result. ]

Remark 3.3. The eigenvalue inclusion comes from the Gershgorin theorem. If &k
of the disks form a connected domain which is isolated from the other disks, therefore,
this domain contains precisely k eigenvalues.

LEMMA 3.4. Let 7 and r be as in Theorem 3.1 and Corollary 3.2, respectively.
Then r < 7 holds.

Proof. Let R and S be as in Theorem 3.1, and let ¢ and u be as in Corollary 3.2.
The inequality holds immediately from ||ulls < ||Rlco/(1 — ||S]/c0)- a

From the above, the algorithm in section 3.4 computes n disks containing all the
eigenvalues based on Corollary 3.2.

3.2. Individual eigenvector. If one of the disks is isolated from the other disks,
enclosing an individual eigenvector is possible with only O(n?) operations.

THEOREM 3.5. Let X, 5\1,...,5\,“ and R be as in Theorem 3.1, t and r be
as in Corollary 3.2, i € {1,...,n}, and 1) € RO=Dxn gng O ¢ R"XE”_D be
I,, without the ith row and column, respectively. Assume ||t < 1 and (Ai,r;) is
isolated from the other disks, and define d := (Ai,...,  \n)T, fi=|d—N1| =71, v:=
RITOT, w i= |[Rle, g := (10 (v + [o]la)- /T ), B = (10w + [w]et)). /(IO ),
and q := h + ||h|lyg. Then (Ni,7;) contains precisely one eigenvalue \* of (1.1),
geometric multiplicity of \* is one, and there exists an eigenvector x* corresponding
to \* satisfying |x* — X.;| < |X|J(1)q

Remark 3.6. The isolation of (A\;,7;) gives I f > 0 and |glleo < 1 (see the
proof), so that g, h, and [|h| 4 can be defined.

Remark 3.7. Observe that the computation of fi(|X|J(?)¢) involves only O(n?)
operations if fi(|X|), fi(| R|), and fi(t) have already been obtained.

Proof. The equivalence of (1.1) and (3.1), the isolation of (A;,7;), and Remark 3.3
show that (\;,r;) contains precisely one eigenvalue \* in (1.1). Thus the algebraic
multiplicity of \* is one, so that its geometric multiplicity is also one. Let y* be an
eigenvector corresponding to A* in (3.1) satisfying y = 1. If we put z* = Xy*, then
x* is an eigenvector corresponding to A* in (1.1), and it holds that

2 — Xy = Xy — Xe® = Xy — e®) = X((e? + JO[Oy*) = D) = X 7O 0Dy

which implies |z* — X < |X|TDIDy*|. We hence show |[IDy*| < ¢ for proving
ja* — Xl < |X[J0q.

Let D, u, and Q be as in Theorem 3.1, Corollary 3.2, and (3.1), respectively,
f A= N h = AT, Zg = I(”(D ~ M1, 4+ Q)JD, and Z == I)(D —

)J(i The isolation of (A;,r;) implies \; & (\i, ), Vj € {1,. -,n}\ {i}, so that
|/\ i |—r; > 0, showing IV f > 0. This isolation also gives rj—l—rz < |/\ Y |, showing
rj/f; < 1. This and v < w yield (v+ ||v||¢t);/f; < (w+||ull¢t);/f; = r;/f; <1, which
gives [|gllc < 1. Since A* € i), Aj & (\iyrg), and [Aj — Ng| — 7 > 0, we have
IA; =N > [\j — \i| =7 > 0, so that I(Z |fI = I®f > 0. The inequality A=A >0
moreover gives the nonsingularity of Z. It holds that

(3.2) i — 272 =-2""19QJW = —(1DQJD)./ (1D f17).
Let g := |[Ih,_1 — Z7'Zg|1. From (3.2) and Lemmas 2.3 and 2.5, we obtain

(3:3) g = (IV[Q)./(IVf L)L = (IV|(I, = 8) ' RITOL)./(IV|f]) < g
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This, ||g/lec < 1, and Lemma 2.1 give that Zg is nonsingular. From the definition
of y*, we have (D — A\*I,, + Q)y* = 0, which gives I)(D — X\*I,, + Q)y* = 0. Since
yf =1 and I® D*e() = 0 for any diagonal matrix D*, we obtain
1D - NI, +Q)y* =0 ID(D - N1, + Q) (W + JVTWy*) =0
& ZolDy* = —1O0(D = X I, + Q)e®
= ZQI(i)y* - —I(i)Qe(i).
This and the nonsingularities of Z and Zg yield

TWy* = _Zélj(i)Qe(i) - —ZélZZ_ll(i)Qe(i)

(3.4) = —(In1 = (In1 = 27 20)) H((TWQe™). /(19 f)).
It follows from Lemma 2.3 that
(3.5) (IDQe™)./(ID f)| = (IV|(1, — 8) ' Rle™)./(ID|f]) <

From (3.3), (3.4), (3.5), ||lgllec < 1, and Lemma 2.3, we finally obtain
D) < [Ty = (oot = 27 20) b < b+ [hllyg < g O

3.3. Invariant subspace. When some of the disks are connected, we cannot
apply Theorem 3.5 for these disks. Even in this case, the connected domain contains
some eigenvalues, and we can enclose an invariant subspace corresponding to these
eigenvalues. Let X, Y, /\1,... An, and S be as in Theorem 3.1, k € {1,...,n},
1<ip < <ip<n,and (A, 74,),. ., (Ni,,7i,) form a connected domain Wthh is
isolated from the other disks, and v := {i1,...,ix}, u:= {1,...,n} \ v, and U and
V be the submatrix of I,, with columns u and v, respectively. For A € C, define the
n x n diagonal matrix D’ such that

~ A (ev) .
Dl =17 =1,...,n.
23 {)\1 (ZEU) ) Z ) ?n

In practical application, \ is obtained such that A = ﬂ((Zp 1 Zp) /k). Define R' :=
Y(AX — BXD') and Q' := (I, — S)" 'R’ if I,, — S is nonsingular.

Remark 3.8. Let R be as in Theorem 3.1. Since R' = R+ YBX(D — D'), R’
can be enclosed with O(n?) operations by reusing the enclosures of R and Y BX.

As described in section 1, the eigenvalues and invariant subspace can be found
by considering AP; = BPsA. If I, — S is nonsingular, this equality is equivalent to
(D’ +Q )P PA where P := X~ 1P,. Namely, Xp spans the invariant subspace in
(1.1). In order to exploit the special structure of D', we deal with (D’ + Q)P = PA
instead of AP, = BP,A. The arbitrariness of P can be removed by freezing its k
rows. We hence set P such that the i1,...,ikth rows of P coincide with those of V,
i, VIP =VTV = I. Similarly to [9], we correct the unknown quantities U7 P and
A into P € C"** i.e., we consider finding P with UTP =UTP and VTP = A. Since
UUT +VvVT =1,, we have

(D' +QP=PA < (D' +Q"YUUT +VvVvTP = (WUT +VVT)PA
& (D' + Q) UUTP+V)=WUrP+V)VTP
s (D' +QHuut —vvhr —UvUTPVTP + (D' +Q')V =
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Hence P can be obtained by solving F(P) = 0, where F(P) := ((f)’ +QUUT -
VVT)P —UUTPVTP + (D' + Q')V. Observe that F(AV) = 0 if (D' + Q")V =~ AV,
since UTV = 0. The derivative F,(H) can be written as Fin(H) = (D' + Q") UUT —
VvvT —vUTPVT)H —UUTHVT P. We thus obtain FS’\V(H) = ZoH, where Zg =
(D' = AL, + Q)UUT — VVT. If F{ (H) is invertible, we can define the Newton
operator N(P) := P — (Fj’\v)’l(F(P)), and N(P) = P is a fixed point equation for
P. For enclosing P, we apply the Brouwer’s fixed point theorem to N (P).

We present Lemma 3.9 for verifying the invertibility of F' ){V(H ). If it holds that
{N(P): P € (\V,P.)} C int((\V, P,)), where P, € R™*¥ has positive components,
the Brouwer theorem shows that the fixed point, i.e., the solution of F'(P) = 0, exists
in {N(P) : P € (\V,P.)}. We verify this inclusion by computing the superset of
{N(P) : P € (A\V,P,)}. The superset can be computed by the following idea: The
equality N(P) =P — (F)f\v)*l(F(P)) is equivalent to F% (N(P)) = F{ (P)—F(P),
ie., ZoN(P) = ZoP — F(P). Hence {N(P): P € (\V, P,)} is the set of all solutions
of a parameterized matrix equation ZogNp = ZoP — F(P), where Np € C"** is
unknown and P € (\V, P,) is the parameter. Therefore the superset can be obtained
by enclosing the solution set. We establish Lemma 3.10 for obtaining the superset
based on this idea and formulate and prove Theorem 3.11 for enclosing the eigenvalues
and invariant subspace based on Lemmas 3.9 and 3.10. In practical application, we
need to determine P, satisfying the above inclusion. For P, € Rk having positive
components, let (A\V, P.) be the superset of {N(P): P € (\V,P,)}. If P. < P,, the
above inclusion is satisfied. Theorem 3.15 is presented for determining P, based on
this idea. ~ B B

LEMMA 3.9. Let v, u, U, V, X\, R, and F)f\V(H) be as above, A1,...,\, be as in
Theorem 3.1, and t be as in Corollary 3.2. Assume A\; # A\ Vi € u and ||t||so < 1. Let
¢ be an n-vector satisfying

! (tev) .
¢Z_{AZ_A (zEu) 72_17"'7’”7
v = |RNUUTL, and p:= (V' + ||V ]|et)./|0]. If || 1]l < 1, FY (H) is invertible.

Proof. Let D', @', and Zg be as the above, and Z := (b’ — ;\In)UUT - VvT,
We prove the nonsingularity of Zg using Lemma 2.1, since F ;\V(H ) is invertible if Zg
is nonsingular. From \; # A Vi € u, Z is nonsingular. We have

Iy — 27" Zg=-Z7'QUUT = (-Q'UU")./(¢17).
This and Lemmas 2.3 and 2.5 yield
I — Z71 Zg|1 = |(-Q'UUT)./(¢17)[1 = (IQ'[UUT./|¢|17)1
(3.6) — (QUUTL)./16] < (1(In — S)*1v")./16] < 1,
so that [|i]|cc < 1 and Lemma 2.1 shows the nonsingularity. 0

LEMMA 3.10. Let U, V, X\, N(P), R, P, be as above, t be as in Corollary 3.2,
and ¢ and p be as in Lemma 3.9. Assume all the conditions in Lemma 3.9 are
satisfied and let w = (|R, |le-- - [|RG, )7, Rw > |[R|V + tw”, T := (R, +
vUtPvTPR)./(16117), z == (|Tally,---, |1 Tkll)T, and P. := T + pzt. Then
{N(P): Pe{(\V,P.)} C(\V,P.) holds.

Proof. Let Q', F(P), Zg, and Np be as above, and let Z be as in the proof of
Lemma 3.9. As described above, {N(P) : P € (A\V, P,)} is the set of all solutions
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of ZogNp = ZoP — F(P), P € (\V,P,). We hence prove that (AV, P.) includes the
solution set, i.e., [\V — Np| < P. holds for any P € (A\V, P,). Since all the conditions
in Lemma 3.9 are satisfied, Z¢ is nonsingular. Any P can be written as P = AV + P,
where P, € C"*F satisfies |P,.| < P,. It thus follows for any P that
ZogP —F(P)=—(D'+Q"V - XuUTP+UUTPVTP
= —(D'+ QW —AUUT(AV + B,) + UUT(AV + POV (AV + B,)
—(D'+ Q) yWw+uUTp,vVTP,.
Hence ZoNp = ZoP — F(P) is equivalent to ZoNp = —(D'+ Q" )V +UUTP,VTP,,
where P, € (0, P,;). This and D'V = AV give
AV —Np =XV -2, (-(D'+Q)V+UU"P,V'P,)

=751 (Zo(\V)+ (D' +Q")V —UUTP,V'P,)

=75 (QV -UUTP,V'P,)=2,'2Z2 " (Q'V -UU"P,V'P,)

= (In = (In = 27 20)) " (Q'V = UUTP,VTP,)./(¢17)).

From this, (3.6), Corollary 2.4, and |P,| < P,, it holds for any P
that

i.e., for any P,

=r

AV = Np| <|(In = (In = 27" Z@)) M I(QV —UUTR,VTP,)./(¢17)]
<|Un = (In — 27 20)) H((1Q|V + UUT|E,[VTIE,])./(I8]17))
<|(In = (In = Z7 Z)) IRV + tw” + UUTPVTP)./(|6]17))
<|\(In— (I, —Z'Zo) T <P.. O

THEOREM 3.11. Let U, V, 5\, and P, be as above, X be as in Theorem 3.1, P.
be as in Lemma 3.10, and P, > P.. If all the assumptions in Lemma 3.9 are true
and P. < P,, then k eigenvalues are included in (\,p(VTP.)) and (XV,|X|UUTP.)
contains a matriz which spans the corresponding invariant subspace in (1.1).

Remark 3.12. The bound p(V”P.) can be computed similarly to [9, section 3].

Proof. Let P, A, and F(P) be as above. We prove A € (A, VIP.) and XP ¢
(XV,|X|UUTP.), since eigenvalues of A are those of (1.1), X P spans the correspond-
ing invariant subspace in (1.1), and the discussion similar to [9, section 3] yields that
(A, p(VTP.)) contains all eigenvalues of any matrix included in (A, VT P.). From
the assumptions and Lemma 3.10, {N(P) : P € (A\V, P,)} C (\V, P.) C int((\V, P,))
holds. This and the Brouwer theorem yield that <)\V P.) contains P satisfying
F(P) =0, ie., UTP = UTP and VTP = A. This, VTP = I, and center-radius
interval arithmetlc evaluations (e.g., [16]) give

A=VTPeVT(\V,P.) C (\,VTP.),
XP=XWUT +vvT P =XWUTP +V)
e XUUT(\V,P.) + XV C(XV,|X|UUTP.). O
Remark 3.13. We can also utilize the Gershgorin theorem for enclosing all the
eigenvalues of any matrix included in (A, VI'P.). If p(VTP,) is close to p(VTP.),

however, this approach does not give an enclosure tighter than (A, 5(VTP.)). The
reason is as follows: The Gershgorin disks are included in Ule (A, ((VTP.)1);). This
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union contains (X, p(VTP.)), since Ui_, (A, (VTP)1);) = (A, max;(VTP)1);) =
N VIPC o) 2 (A, p(VIPe)). .

Remark 3.14. If (\,p(VTP.)) is isolated from J;c, (\i,7:), the k eigenvalues
contained in (X, 5(VTP.)) coincide with those in Ui6v<;\i7 i)

THEOREM 3.15. Let U, V, and P, be as above, R,, and P. be as in Lemma 3.10,
P* be P. when P. =0, o,n € F, P_ € F*** and P. := fia((1 + on?)P.). Assume
fa(aeb) = (1 +d)(aebd) for a,b € F, where @ € {+,+} and 0| < eps, P. > PZ,
Ry >0, 0> [(UUTPVTP,)./Rylli, o(1 +eps)® < 1/4,

2(1 + eps)? - 1+ /1 —40(1 + eps)©
1+ /1 —40(1 + eps)© 7 20(1 + eps)?

and P, =nP_.. Then P, < P. < P, follows.

Proof. We prove P. < P. and P. < P, under these assumptions. Let ¢ and T
be as in Lemmas 3.9 and 3.10, respectively, and ® := (VVTP_VTP_)./R,. From
o > ||®||lm and P, = nP,, we have

T=(Ro+n’UUT PV P,)./(16]17)=(Ruw+n*Ruwo®)./(|¢[17) < (1+0m*) Ru./ (|¢]17),

which implies P. < (1 + on?)P: < (1 + on?)P.. The inequality R,, > 0 gives P_ >0
and o > 0. These and 7 > 0 yield (1 + on?)P. < P., so that P. < P, holds. The
assumption with respect to fla (+) shows P. = (1434)(1433) (1+0n?(1+61)(1+62)) P,
where |6;] < eps, i = 1,...,4, which yields P. < (1 + eps)?(1 + on*(1 + eps)?)P..
The inequalities regarding to o (1 + eps)® and 1 moreover give (1 + eps)?(1 +on?(1+
eps)?) < 7. These discussions prove P. < nP_ = P,. a

Remark 3.16. In the algorithm in section 3.4, P, and P, are “determined” based
on Theorem 3.15, but P, and P. are not “numerically computed,” and only P. is
computed. Note that P. < P. < P, is still valid even in this case, and computing
only P, is sufficient for numerically enclosing the eigenvalues and invariant subspace
based on Theorem 3.11. The algorithm in section 4 is designed similarly.

3.4. Proposed algorithm. Based on the theories in sections 3.1, 3.2, and 3.3,
we propose the algorithm which encloses all the eigenvalues and invariant subspaces.
ALGORITHM 1. Let D, X, M,...,\n, Y, R, t, 7, J@, and q be as in this
section. This algorithm encloses all the eigenvalues and invariant subspaces based on
the theories in sections 3.1, 3.2, and 3.3.
Step 1. Compute D and X by the numerical GED of A and B.
Step 2. Compute Y = fi((BX)™1), A(|R]), and f(t). Ifi(||t|s) > 1, terminate with
failure.
Step 3. Compute fl(r) and initialize the list L such that £L = {1,...,n}.
Step 4. If L is empty, terminate. Otherwise let i be the smallest integer in L.
Step 5. If (N, fl(r;)) is isolated from the other disks, delete i from L, and en-
close an individual eigenvector corresponding to the eigenvalue included in
(Xi, 1(r:)) by computing A(|X|JDq). Otherwise let Ule@j,ﬁ(mj», where
i€ {i1,...,ix} C L, be the connected disks which are isolated from the other
disks, delete iq,...,ix from L, and enclose the k eigenvalues and correspond-
ing invariant subspace by Algorithm 2. Go back to Step 4.

ALGORITHM 2. Let iy,... ik, u, \, R, V, U, p, w, Ry, P:, P_, P., o, and n
be as in section 3.3, and assume fla(-) satisfies the condition in Theorem 3.15. This
algorithm encloses the k eigenvalues and corresponding invariant subspace based on
the theories in section 3.3.
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Step 1. Obtain A such that A = ﬂ((2§:1 /N\Zp)/k) If X # \; ¥j € u cannot be
verified, terminate with failure.

Step 2. Compute A(p). If A(||illoo) > 1, terminate with failure.

Step 3. Obtain R, such that R, = A(|R'|V + twT). If R,,, < vrealmin for
je{l,...,n} and p € {1,. k} update R, such that R,, = v/realmin
for all pairs of j and p satzsfymg this inequality.

Step 4. Compute P, = fi(P%) and o = A(|(UUTP.VTP.)./Ry|m). If A(o(1 +
eps)®) > 1/4, terminate with failure.

Step 5. Let n = fi(2(1+eps)®/(14++/1 — 40(1+eps)b)). If n<(1++/1 — 4o (1+eps)®)
/(20(1 + eps)*) cannot be veriﬁed terminate with failure.

Step 6. Compute P. = AA((1 + on Hp), A(|X|UUTP.), and p(A(VTP.)). If
N p(A(VTPL))) ﬂUleuO\z,ﬂ(rZ» # 0, terminate with failure.

Step 7. Terminate.

Remark 3.17. The inequality minj , [%,,, > vrealmin implies min; Eajp >
vrealmin and ¢ > v/realmin. These and 1 > 1 show that underflow does not
occur during the computation of P., so that fla(-) strictly satisfies the condition
in Theorem 3.15 during this computation. Algorithms 4 and 5 have the similar
property.

Remark 3.18. If Algorithm 1 terminated without failure, it is guaranteed that
the obtained disks do not contain common eigenvalues, i.e., the union of these disks
encloses all the eigenvalues.

In Algorithm 2, the computation of o and fi(|X|UUTP,) involve O(nk?) and
O(n®k) operations, respectively. That of p(i(VTP.)) involves at most O(k®) oper-
ations. The computational costs of the other parts are O(n?). Hence Algorithm 2
involve O(n?k + nk? + k3) operations.

In Algorithm 1, the computations of D, X, Y, fi(|R|), and fi(t) require O(n?)
operations. That of fi(|X|.J(q) requires O(n?) operations for one isolated disk. If
the number of isolated disks is j, therefore, enclosures of the j eigenvectors involve
O(n?j) operations. If the numbers of the connected domain and the disks contained

in the each domain are m and kl, coskm, respectively, then the m times executions
of Algorithm 2 require (’)( ED DR D DY = S p) operatlons Since j +
Sopeikp =, 3L R (E;”:l kp)? < n? and 300 Ky < (001 kp)® < nd

Algomthm 1 involves only O(n?) operations.

4. Enclosure utilizing BD. Let X and ¢ be as in section 3. When (1.1) has
defective eigenvalues, X becomes singular or ill conditioned, so that we cannot verify
[[tll.o < 1 and Algorithm 1 fails. Even in such situations, we can utilize the BD
X" YB7'A)X = D, where X € C"*" is nonsingular and D is block diagonal with
each diagonal block being upper triangular. In the BD, multiple or nearly multiple
eigenvalues are gathered in the same diagonal block.

Remark 4.1. The BD in [12] computes quasi-triangular blocks, which contain
real 2 x 2 diagonal subblocks for any pair of conjugate complex eigenvalues. There-
fore the BD discussed here is slightly different from that in [12]. Similarly to the BD
n [12], however, the BD discussed here can be achieved by executing Schur decom-
position and repeatedly solving Sylvester equations. See the appendix for practical
implementation.

In this section, we develop a theory for enclosing all the eigenvalues and invariant
subspaces based on the BD. Let D and X be the approximations of D and X in the
BD, respectively. Then D can be written as D = diag(D™",..., D), where D),
i=1,...,m, are n; X n; upper triangular matrices with > 1", n; = n. We estabhsh
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theories for enclosing eigenvalues and individual eigenvectors when n; = 1 and eigen-
values and invariant subspaces when n; > 2 in sections 4.1 and 4.2, respectively. The
algorithm based on these theories is proposed in section 4.3.

Let i1,...,i; and ji1,...,Jm—r be integers satisfying 1 < i3 < -+ < i < m
and n;; = - =mny = 1l,and 1 < 51 < -+ < Jpk < mand n;, > 2, p =
1,...,m — k, respectively. We then have {i1,...,ix} U{j1, .., Jm-tt = {1,...,m}.
For p=1,...,m—k, update DUr) such that D,(ﬂf) =X,,q¢=1,...,n;, where \; €
C. In practlcal application, /\jp is obtained such that )\J = ﬂ((zn“’ Dj j” )/, )-

Then D is also updated. For D and X in this section, we define R, S, and ¢ sumlarly
to section 3. If I,, — S is nonsingular, we also define @) similarly to section 3.

4.1. Block size one. Let p € {i1,...,ir}, A := DP) i := Zp g+ 1, u:=
{1,...,n}\{i}, and U be the submatrix of I,, with columns u. If I, ~5is nonsingular,
discussion similar to (3.1) gives that (1.1) is equivalent to (D 4+ Q) = Ay, where
§ := X 'z. Namely, A and X7 are the eigenvalue and corresponding eigenvector in
(1.1), respectively. For exploiting the structure of D, we treat this equality instead
of (1.1). Analogously to section 3.3, we set §; = 1 and consider finding y satisfying
UTj =UTy and y; = \. Since UUT + e@e®” = I, and A = y; = e®”y, we obtain

2 ~ 1) (2 T 7 )T\ ~
(D+Q)g =X & (D+Q)UUT + e )j = (D) (UUT + e g
S (D+QUUTy+ (D + Qe = (e(i)Ty)UUTy + (e(i)Ty)e(i)
& (D+QUUT — ey — UUTye®" y + (D + Q)e® = 0.
Thus y can be obtained by solving F(y) = 0, where F(y) = (D + QUUT —
e@e )y —UUTye®" y+(D+Q)e™. Observe that F(Ae®) = 0 if (D+Q)e® ~ Xe®.
Moreover F(h) can be written as F},(h) = (D +Q)UUT —e(Ve 0" _ UUTye D" Yh—

UUThe(i)Ty, so that F¥ ) (h) = Ph, where P := (D—X,+Q)UU e For en-
closing y, we apply the Brouwer theorem to N(y), where N (y) := ( %ol 5) HE (),
since N(y) =y is a fixed point equation for y.

We present Lemmas 4.2 and 4.4 for Verlfymg the invertibility of F Fy. ¢ & (h) and
obtaining the superset of {N(y) : y € (Ae?,y,.)}, where y,. € R™ has positive compo-

nents, based on the idea analogous to that in section 3.3, respectively. Theorem 4.5
and Corollary 4.6 are established for enclosing the eigenvalue and eigenvector based
on these lemmas and determining vy, based on the idea similar to that in section 3.3,
respectively.

LEMMA 4.2. Let D, R, t, A\, U, and FY ;) (h) be as the above, T € C"*™,

W =1, —T((D - A,)UUT —e®e®") and v := |R|UUT1. Assume ||t]|oo <1 and

define 7= [WIL + |T|(v + |[v|lst). If [T]loc <1, F5 () is invertible.

Remark 4.3. In practical application, T is obtained such that 7 = fi(((D —
ANLUUT —e®e@®™)=1) Then (D—M,)UUT —e@e®” and T are also block diagonal
having nonzero structures similar to D. Hence the computation of T" and the matrix
multiplication within W require (’)(Zp 7119 n; ) operations.

Proof. Let S and P be as above. We prove the nonsingularity of P using
Lemma 2.1, since I (h) is invertible if P is nonsingular. We have I, — TP =
W —TQUUT, so that ||t||oc < 1 and Lemma 2.3 yield |I,, — TP|1 < |[W|1 + |T||(I, —

S)7H|RIUUTL < 7. This, ||7]|oc < 1 and Lemma 2.1 show the nonsingularity. O
LEMMA 4.4. Let R, t, U, X\, yr, and N(y) be as above, T and T be as in
Lemma 4.2, and w := |R[]e®. Assume |t|ooc < 1 and ||7]jec < 1, and let
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W > w+ ||w|it, v = |T|(@+ UU y,e o8 yr), and & == v+ ||v|l;7. Then {N(y) :
ye Xe® )} C (NeD &) holds.

Proof. Let D, Q, F(y), FY ;) (h), and P be as above. Analogously to section 3.3,

we derive parameterized linear systems equivalent to N(y) =y — (F§ DTHE @)

and show that <5\e(i),§> includes the solution set of the hnear systems. From the
assumptions and Lemma 4.2, P and 7" are nonsingular. We have

N(y) =y = (F5 ) (FW) & F5 o, (N(y) = F§ ., (¥) — F(y) = PN(y) =Py — F(y)
<PN(y)= — NUUTy + UUTye(i)Ty — (D + Q)e(i).
Thus the parameterized linear systems are
(4.1) Pn, = - AUUTy + UUTye®"y — (D + Q)e™
vzhere ny € C" is unknown and y = <5\e(i),yr> is the parameter. ~VVe hence prove
INe(® —n,| <€ for any y. Any y € (\e(®, y,) can be written as y = Ae(® + Yy, where
y, € C" satisfies |y | < y,. From this and UTe(® = 0, we have
—“ANUUTy + UUTye(i)Ty — (D +Q)e"
= - 2UTAe +y )+ UUT e +y )e® (Ae® 4y ) — (D + Qe
—(D+ Qe + UUTgTe(i)Tgw
so that (4.1) is equivalent to Pn, = —(D + Q)e(® + UUTyTe(i)Tgr, where y € (0,y,).
This and De® = Xe® give
A —n, =X — P7H—(D + Qe + UUTgre(i)Tgr)
=P (AP + (D + Q)e™ — UUTyTe(i)Tgr)
“1(Qe — UUTQTe(i)TQT) — P IT(Qe) — UUTQTE(i)TQT)
= (I — (I, — TP))"'T(Qe —UUTy ey )
for any y , i.e., for any y, so that |I,, — TP|L < T, |yr| < y,, and Lemma 2.3 yield

3 - - i iyT
IAe® —ny| <|(In — (In = TP)|T|(|(Ln — ) M| Rl + UU |y [ |y |)

— _ iT B
< |(In = (In = TP)TT|(@ + UU T yret ) = [(In = (I = TP) v
<v+ |l —replln —TPL< v+ |v|,7=¢& O

THEOREM 4.5. Let i, X, 5\, U, and y, be as above, £ be as in Lemma 4.4, and
&> & If all the assumptions in Lemma 4.2 are true and € < y,., then an eigenvalue in
(1.1) is included in (\,E,), and (X.;,|X|UUTE) contains an eigenvector corresponding
to the included eigenvalue. ~

Proof. Let i), A, and y be as above. We prove A € (\,§;) and X§ € (X, | X|UUTE),
since A and X ¢ are the eigenvalue and corresponding eigenvector in (1.1), respectively.
From £ < y, and the Brouwer theorem, y € (Z\e(i),@ holds. From this, UTg = UTy,

e =g; =1, and UTe® = 0, we obtain
A=y =@y ee® (Re® ) C (X,eD7E) = (AE),

Xg=XUUT +e®e® )y = XUUTy + Xe®
€ XUUT(Xe™ ) + X,; C (X4, | X|UUTE). O
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COROLLARY 4.6. Let U be as above, W and & be as in Lemma 4.4, £ be & when
yr =0, 0m €l el and € = fin((1 +U’I72)§). Assume § > £, w > 0, 0 >
|\(UUT§e(i)T§)./E|\OO, yr = 1€, and Aa(-), o(1 4 eps)® and 1 satisfy the conditions
in Theorem 3.15. Then & < & <y, holds.

Proof. The analogy of the proof of Theorem 3.15 shows the result. O

4.2. Block 51zes two or more. Let j € {j1,...,Jm—k}, so that n; > 2. Let also
A=)\, v = {ZJ 1np+1,. szl npt, w:={1,...,n}\v, and let U and V be the
submatrix of I,, with columns u and v, respectively. Then ngl) =...= Dg)nj =

holds from the update in the beginning of this section. Similarly to section 3.3, we
consider AP; = BP;A for P; € C"*™ and A € C"%*" to find the eigenvalues and
invariant subspace, suppose the nonsingularity of I, — S, deal with the equivalent
problem (D + Q)P = PA, where P := X~ 1P,, instead of AP, = BP,A, and set
VTP = I,;. Our aim is to obtain P which satisfies UTP =UTP and VTP A by
solving F( ) =0, where F(P) := (D+Q)UUT —VVT)P-UUTPVTP+(D+Q)V
Observe that an approximation of P in this case is VD if (D+Q)V ~ VD, so we
utilize the derivative !, o . (H) = (D+Q)UUT —VVT)H —UU” HDY and enclose
P by using a fixed point equation N(P) = P, where N(P) := P — (F"/D(]))_l(F(P)),
and the Brouwer theorem.

We present theories for verifying the invertibility of F, v D(J)(H ), obtaining the

superset of {N(P) : P € (VDW, P.)}, where P, € R has positive components,
based on the analogous idea, enclosing the eigenvalues and invariant subspace, and
determining P, based on the similar idea.

LEMMA 4.7. Let D, DW, X\, Q, t, U, V, and F"/Dm( ) be as above, Zg =

(D= X, +Q)UUT —VVT, Z:=(D-X,) UUT —VVT, TeCV™, W :=1,-TZ,
and v and T be as in Lemma 4.2. If ||t|lc < 1 and ||T|lec < 1, then Zg and T are
nonsingular, and FY, 5 . (H) is invertible.

Proof. From Lemma 2.2, we obtain vec(F, », (H)) = Pvec(H), where P :=

L, (D+QUUT —vVT) - DW" @ UUT. We prove the nonsingularity of Zg and
T using Lemma 2.1 and show that the nonsingularity of Zg yields the nonsingularity
of P since Fy, -, (H) is invertible if P is nonsingular.

We have I,, — TZg = W — TQUUT. This and Lemma 2.3 yield |I,, — TZg|1 <
W1 + |T||QIUUTL < 7. From this, ||[7]|ec < 1 and Lemma 2.1, Zg and T are
nonsingular. It moreover follows that

(D+QUUT —vvT - \UUT
P = z .
DY) vuT o (D+QUUT —vVT - \UUT
2qQ
(4.2) = : -
_Dgﬂn)] uuT ... Zg
This and the nonsingularity of Zg show the nonsingularity of P. d

LEMMA 4.8. Let DY, X\, R, t, U, V, N(P), and P, be as above, T be as in
Lemma 4.2, and T be as in Lemma 4.7. Assume ||t]ooc < 1 and ||T||c < 1, and let w :=
(HRVilHtv R ”Rvnj Ht)T’ R, > |R|V + th’ lg = (||T1HT7 R ”TTL”T)T’ T:= |T| +
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th, A= DU -XI,,, Rp := Ry+UUTP,VTP,, and P. := Y07 (TUUT )P TRp| AP,
Then {N(P): P € (VDW, P,)} C (VDY P.) holds.

Proof. Let F(P) and F[, 5, (H) be as above, Zg be as in Lemma 4.7, and P be
as in the proof of Lemma 4.7. We derive a parameterized matrix equation equivalent

to N(P) =P — ( "/ﬁm)_l(F(P)) and show that (VDU P.) includes the solution
set of the matrix equation, i.e., we proceed with the proof similarly to section 3.3.
Since ||t]|loo < 1 and ||7]|oc < 1, Zg, T, and P are nonsingular. We obtain

N(P)=P —(F/, ., ) "(F(P)) & F/,_  (N(P)) = Fl,5  (P) — F(P) and

Vb (N(P) = (D +QUUT = VVT)N(P) — UUTN(P)DY,
! 2o (P) = F(P) = —UUTP(DY —VTP) — (D + Q)V.
Hence the parameterized matrix equation is

(4.3) (D+QUUT —VVT)Np—UUTNpDY) = —uUTP(DY) — VT P)—(D+Q)V,

where Np € C"*" is unknown and P € (Vb(j ), P,) is the parameter. We thus prove
|VDU) — Np| < P. for any P. Any P can be represented as P = VDU 4 P where
P, € C"*" satisfies |P,.| < P,. It then holds for any P that

~vUTP(DY —vVTP) —(D+Q)V
= —UUT (VDY 4+ p ) (DY —vT(VDY) + P,)) — (D +Q)V
=uuTp,vtp, — (D+Q)V.

Therefore (4.3) is equivalent to (D + Q)UUT — VVT)Np — UUTNpDW) =
UUTP, VTP, —(D+ Q)V, where P, € (0, P,), which can be written as Pvec(Np) =
vec(UUTP, VTP, —(D + Q)V). Since P is nonsingular and DV = VD), it follows
for any P, that

vee(V DY) — Np) = vec(VDW) — vec(Np)
= vec(VDY) — P~ lvec(UUTP, VTP, — (D +Q)V)
=P Y(Pvec(VDY)) —vec(UUTP, VTP, — (D +Q)V))
(4.4) =P lvec(QV - UUTP,VTP,).

From (4.2) and the nonsingularity of Z¢, on the other hand, we have

Zg I,
P= : .
A () -1 T
Zg -Dy,) zotuuT - L,
I, 0
:(I”g'@ZQ) - _ .
I, DY) zgtvuT ..o
(4.5) = (In; ® ZQ)(Inn, — AT © Z5,'UUT).
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Since A is strictly upper triangular, AP = (AT)? = 0 holds for integers p satisfying
p >n; . This, (4.5), p(AT ® Z_lUUT) = 0, the Neumann series and Lemma 2.2 yield

= (Inn, AT @ Z5'UUT) TN (I, @ Zg) !
= (Inn; + AT @ Z5'UUT + (AT @ Z5'UUT)? + - )(In; © Z5")
= (Lnn, + AT @ 25'UUT + AT @ (25'UUT)? + - )(Ln, © Z5")
= (Lun, + AT @ Z'UUT + -+ ATV @ (25 00T ) (1, © Z5Y)
=1, ©Zy' + AT @ 25 0UTZ5 -+ ATV @ (25 00Ty 251

This, (4.4), and Lemma 2.2 give

n;—1
vec(VDU) — Np) = <Z AT ® (ZQlUUT)PZQ1> vec(QV +UUTP,VTP,)

n;—1
= vec < > (25 vUT Pz QY + UUTETVTBT)AP> ,
p=0

so that, abbreviating Qp := |Q|V + UUT|P,|VT|P,|,

n;—1
(4.6) VDY —Np| < Y (125 [UUT)12511Qp| AL

p=0
Similarly to the proof of Lemma 3.10, we have |Q|V < R, so that Qp < Rp. The
inequality ||7]|e < 1, Corollary 2.4, and |I,, — T'Zg|1 < 7 moreover yield

125 =125 ' T7'T| = [(In — (In = TZQ)) ' T| < [(In — (In = TZ)) 'IT| < T

This, Qp < Rp, and (4.6) show |V DU — Np| < P. for any P,, i.e., for any P. 0

Remark 4.9. Let P := P — I, ® QUUT. Lemmas 47 and 4.8 enable us
to avoid computing fI(P~1) explicitly, which requires O(n2n 3+ nn Zp Vi ?p)
operations. )

THEOREM 4.10. Let X, U, V, X, and P, be as above, A and P. be as in
Lemma 4.8, and P. > P.. If all the assumptions in Lemma 4.7 are true and P, < P,,
then n; eigenvalues of (1.1) is included in (N, B(|A| + VT P.)) and (XV,|X|UUTP.)
includes a matriz spanning the corresponding invariant subspace.

Proof. Let A be as above. The result follows from a discussion similar to the proof
of Theorem 3.11 and A = VTP € VI(VDW, P,y C (DU, VTP,) = (A, +A,VTP,)
C (ML, |A|+VTP,). 0

COROLLARY 4.11. Let P, be as above, Ry, and P. be as in Lemma 4.8, P: be
P. when P, =0, o,n € F, P_ € F"*"  and P. = fip((1 + on?)P.). Assume ﬂA( ),
P., Ry, o, o(1 + eps)®, n, and P, satisfy the conditions in Theorem 3.15. Then
P. < P. < P, follows.

Proof. The analogy of the proof of Theorem 3.15 shows the result. O

4.3. Proposed algorithm. Based on the theories in sections 4.1 and 4.2, we
propose an algorithm for enclosing all the eigenvalues and invariant subspaces.

ALGORITHM 3. Let D, X, m, DU, ... . D™ ny, ... nm, j1s-- s jm—k, R, and
t be as in this section. Thzs algomthm encloses all the eigenvalues and invariant
subspaces based on the theories in sections 4.1 and 4.2.
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Step 1. Compute D and X by the numerical BD.

Step 2. Forp=1,..., m—k, let j\jp = ﬂ((ZZipl ﬁé{f’))/njp) and update DU») such
that b,(ﬂf) = E\jp, q=1,...,n,,.

Step 3. Compute Y = fi((BX)~1), A(|R|), and A(t). IfA(||t|s) > 1, terminate with

failure. ~ R
Step 4. FEzecute the following procedure for p = 1,...,m: If n, =1, let X := D®)
and i = Zs;i ng + 1, and enclose one eigenvalue and its corresponding

eigenvector by Algorithm 4. Otherwise let j = p and enclose n; eigenvalues
and corresponding invariant subspace by Algorithm 5. Terminate.
ALGORITHM 4. Let ;\, i, U, T, 1, w, @ &, & E o, andn be as in section 4.1,
and assume flp(-) satisfies the condition in Theorem 3.15. This algorithm encloses
one eigenvalue and its corresponding eigenvector based on the theories in section 4.1.
Step 1. Compute T = A(((D — N, )UUT — e(i)e(i)T)_l) and A(7). If A(||7]s0) > 1,
terminate with failure.
Step 2. Compute W = A(w + ||wl|;t). If W, < v/realmin for p € {1,...,n}, update
w, such that W, = v/realmin V p satisfying this inequality.
Step 3. Compute ¢ = A(¢*) and o = A(|(UUTEeD”€). /0] o0). If A(o(1 + eps)®) >
1/4, terminate with failure. I
Step 4. Letn = fi(2(1+eps)/(14++1/1 — 4o (1 + eps)9)). Ifn < (1++/1 — 4o(1 + eps)®)
/(20 (1 + eps)*) cannot be verified, terminate with failure.
Step 5. Compute € = fin((1 + on?)€) and A(|X|UUTE). Terminate.

AvGoriTaM 5. Let j, U, V, Z, T, 7, w, Ry, A, P:, P_, P., o, and n be as

in section 4.2, and assume fia(-) satisfies the condition. This algorithm encloses n;

etgenvalues and corresponding invariant subspace based on the theories in section 4.2.
Step 1. Compute T =f1(Z1) and (7). Ifi(||7]s) > 1, terminate with failure.

Step 2. Compute R = A(|R|V + tw”). If Ry, < v/realmin for p € {1,...,n}

and ¢ € {1,...,n;}, update qu such that qu = y/realmin V pairs of p

and q satisfying this inequality. Compute r € R™ and Ry, such that r}) :=

maxg qu, p=1,...,n, and R, = 17, respectively.
Step 3. Compute P. = fi(P%) and o = A(|(UUTP.VTP.)./Ry|m). If A(o(1 +
eps)®) > 1/4, terminate with failure.
Step 4. Letn = f1(2(1+eps)3/(14++/1 — 40(1 + eps)®)). Ifn < (1+/1 — 4o(1 + eps)®)
/(20(1 + eps)*) cannot be verified, terminate with failure.
Step 5. Compute P. = fia((14 on?)P.), A(|X|UUTP.), and p(|A| + VT P,). Ter-
minate.

Remark 4.12. If Algorithm 3 terminated without failure and all the obtained
disks enclosing eigenvalues are isolated mutually, then these disks do not contain
common eigenvalues, i.e., the union of these disks includes all the eigenvalues.

Algorithm 4 contains the computation of 7" and matrix multiplication T((b —

ALOUUT — e@e®") which require O(Z;:lk n? ) operations. The computational
cost of the other part in Algorithm 4 is O(n?). Hence the computational cost of
Algorithm 4 is (’)(Z;’;k n? +n?).

The computation of 7' and the matrix multiplication T'Z in Algorithm 5 re-

quire Ezzllfjp 2 n?p operations. Since R,, in Algorithm 5 is constructed as R, =
17 we have Pf = E;;Bl(TUUT)pTrw 17|AJP. The matrix-vector multiplications
(TUUTYPTrv, p = 0,...,n; — 1, involve O(n?n;) operations in total. The vector-
matrix multiplications 17|AP, p = 1,...,n; — 1, require (’)(ng) operations in total.
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The outer products (TUUT)PTrv)(1T|AP), p = 0,. — 1, involve O(nn?) op-

erations in total. The sum within P! requires O(nn ) operatlons The matrix mul-

tiplications UUTP_ VTP, and |X|UUTP. involve O(nn?) and O(n?n;) operations,
respectively. The computation of p(|A| + VT P,) involves at most O(n?) operations.
The computational cost of the other parts are O(n?). From the above, the computa-
tional cost of Algorithm 5 is O(n?n; + nn? + Zgzlk n?p)

In Algorithm 3, the computations of D, X, Y, fi(|R|), and fi(t) require O(n?)
operations. Algorithms 4 and 5 are executed k and m — k times, and the k and m — k

times executions involve O(k 7" N n? +kn?) and O(n? szlk nj, +n ZZ;IC ny +

(m — k) ZZI 1k n? ) operations, respectively. From this and k + Zp 1 nj, = n, the
computational cost of Algorithm 3 is O(n® + nzp: n2 + mzp 1 n ) We obtain

m—k m—k m—k 2 m—k 3
Pn St e St n (S ) o ()
p=1 p=1 p=1 p=1
<n® 4+ nn? +mn® = (m 4 2)n?

which implies that the cost of Algorithm 3 is smaller than O(mn?). When we enclose
all the eigenvalues and invariant subspaces by the known algorithms, alternatively,
O(mn?) operations are required except the case when A and B have special structures
(e.g., A is Hermitian and B is Hermitian positive definite). For instance, when we
enclose the eigenvalues and individual eigenvectors, and the eigenvalues and invariant
subspaces regarding to D) ..., D) and DUV .. DUm-#) by repeatedly executing
the algorithms in [8] and [9], O(kn?®) and O((m — k)n®) operations are required in
total, respectively.

5. Numerical results. In this section, we report numerical results to observe
the properties of Algorithms 1 and 3 and performance of our implementation. We
used a computer with an Intel Xeon 2.66-GHz Dual CPU, 4.00 GB RAM, and MAT-
LAB 7.5 with the Intel Math Kernel Library and IEEE 754 double precision. In
this environment, fla(-) satisfies the condition in Theorem 3.15 except the cases of
underflow and overflow.

In most of the compared algorithms, eigenvalue clusters have to be determined
manually. In fact, the BD requires the manual determination. We thus introduce a
positive real number tol. Let A, .. 1\” be approximate eigenvalues, 4,5 € {1,...,n},
and i # j. In these algorithms, if ﬂ(|)\i —Aj|) < tol, A\; and A; are allocated to the
same eigenvalue cluster. Otherwise they are allocated to the different clusters.

We denote the compared algorithms as follows:

M1: Algorithm 1, where the eigenvalue clusters are automatically determined.

M2a: Algorithm 3 with tol = le-8.

M2b: Algorithm 3 with tol = le—6.

Vla: An algorithm for enclosing all the eigenvalues and invariant subspaces by
executing the GED and repeatedly calling the INTLAB [17] function
verifyeig with tol = le-8.

V1b: An analogous of Vla with tol = le-6.

V2a: An analogous of V1a executing the BD with tol = le—8 instead of the GED.

V2b: An analogous of V2a with tol = le—6.
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TABLE 1
Mazimum radii for eigenvalues (upper part), invariant subspaces (middle part), and computing
times (lower part) in Example 5.1.

n M1 M2a M2b Vla Vi1b V2a V2b
100 | 4.5e-10 4.4e-11 4.4e-11 4.5e-11 4.5e-11 4.5e-11 4.5e-11
300 | 1.5e-8 6.8e—10 6.8e-10 8.9e-10 8.9e-10 8.9e-10 8.9e-10
500 | 2.4e-8 5.5e—10 5.5e-10 8.1e-10 8.1le-10 8.0e-10  8.0e—10
700 | 3.0e-8 3.1e-10  3.1e-10 5.1e-10 5.1e-10 5.1le-10 5.1e-10
100 | 1.2e-11  1.5e-11 1.5e-11  9.0e-13 9.0e-13 1.5e-12 1.5e-12
300 | 1.6e-10 3.0e-10 3.0e-10 1.5e-11 1.5e-11  3.6e-11  3.6e-11
500 | 7.3e-10  4.0e-9 4.0e-9 7.7e-11  T7.7e-11 4.3e-10 4.3e-10
700 | 1.1e-9 4.2e-9 4.2e-9 1.1e-10 1.1e-10  4.0e-10  4.0e-10
100 | 0.200 0.488 0.487 2.967 2.963 2.985 2.991
300 | 4.643 11.67 11.67 125.0 124.9 125.6 125.6
500 | 20.61 56.34 56.25 714.9 712.6 721.1 721.2
700 | 57.91 157.4 157.8 2328 2335 2352 2349

In M1, Vla, and V1b, the GED was executed by the MATLAB function eig. In the
computation of (VI P.) and p(|A| + VT P,) based on [9, section 3], approximate
Perron vectors of these matrices are required. In M1, M2a, and M2b, the Perron
vectors were obtained by eig, and Y was computed by the MATLAB command \.
Note that verifyeig also obtains the Perron vectors by eig. Let ;\il ey S\ik be all
the approximate eigenvalues belong to the same eigenvalue cluster. In Vla, V1b, V2a,
and V2b, ﬂ((Z];:1 Ai,)/k) was input to verifyeig as an approximate eigenvalue. The
function bdschur in MATLAB Control System Toolbox executes the BD in [12], so
this function is not suited for our purpose (see Remark 4.1). We thus executed the

BD by the code in the appendix.

Let d” € R™ and X" € R™*" have nonnegative components, and (Z\i,dZT), =
1,...,n,and (X , X7) enclose all the eigenvalues and invariant subspaces, respectively.
In order to assess the qualities of the enclosures, we define the maximum radii for
eigenvalues and invariant subspaces as max; d; and max; ; X7}, respectively. In the
examples below, the compared algorithms failed in the enclosure of some eigenvalues
and corresponding invariant subspaces. We thus display the number of eigenvalues for
which the algorithms failed. In this case, the maximum radii are the maximum value
obtained from the radii of the succeeded results. In M1, M2a, and M2b, when the
number of failures was zero, it was guaranteed that they enclosed all the eigenvalues
(see Remarks 3.18 and 4.12). For nonsingular M € C"*™ define the condition number
k(M) = ||M||2|]|[M~||. M1, M2a, and M2b verified the nonsingularity of B for
examples in which the numbers of failures were smaller than n. In Tables 2 and 3, the
notations faily, faily, and fail,, mean that M1, M2a, or M2b failed since [|t[loc < 1
could not be verified, NaN is included in Y, and ||7||c < 1 or o(1 +eps)® < 1/4 could
not be verified for all the blocks, respectively. The notation faily means that Vla,
V1b, V2a, or V2b returned NaN for all the clusters.

Ezxample 5.1. In this example, we observe the magnitudes of the radii and com-
puting times for various n. Consider the case when n x n complex matrices A and B
are generated by the following MATLAB code

A = randn(n) + i*randn(n); B = randn(n) + i*randn(n);

Then the real and imaginary parts of the entries in A and B are pseudorandom
numbers uniformly distributed in [—1,1]. Table 1 displays the maximum radii and
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TABLE 2
Mazimum radii for eigenvalues (upper part), invariant subspaces (middle part), and numbers
of failure (lower part) in Example 5.2.

cnd M1 M2a M2b Vla Vi1b V2a V2b
le+4 4.2e-9 1.1e-10 1.1e-10 1.0e-10 1.0e-10 1.0e-10  1.0e-10
le+8 4.8¢—6 4.0e-7 4.0e-7 3.7e-10  3.7e-10 3.7e-10  3.7e-10
le+12 | 1.8e—2 2.3e-3 2.8¢-3 5.7e-14  5.7e-14 5.7e-14 5.7e-14
le+13 | fails 4.9¢-2 fail;o 1.2e-15 faily 1.2e-15 faily
le+4 5.9e-10 1.3e-9 1.3e-9 1.1e-10 1.1e-10 3.1e-10 3.1e-10
le+8 1.1e-6 1.9e-6 1.9e-6 2.6e-8 2.6e—8 3.3e-8 3.3e-8
le+12 | 6.8e-3 9.4e-3 1.2e-2 1.6e-8 1.6e—8 2.7e-8 2.0e-8

le+13 | failg 2.4e—1 fail; o 6.7e-9 faily 8.4e-9 faily
le+4 0 0 0 0 0 0 0
le+8 0 0 13 27 40 27 40
le+12 | O 27 43 80 96 80 96
le+13 | 100 78 100 89 100 89 100

computing times (sec) of the algorithms. In this example, all the algorithms succeeded
for all the eigenvalues.

It can be seen from Table 1 that the radii obtained by the algorithms were com-
parable. The algorithms M1, M2a, and M2b were much faster than Vla, V1b, V2a,
and V2b. The reason is as follows: In these examples, all the eigenvalues were well
separated. Hence verifyeig was called n times in the latter algorithms, so that they
required O(n*) operations. On the other hand, the former algorithms required only
O(n?) operations.

Ezample 5.2. In this example, we observe the properties of the algorithms when
k(B) increases. We generated 100 x 100 complex matrices A and B by the code

A = randn(100) + i*randn(100);

cnd10 = loglO(cnd); % cnd: anticipated condition number of B
D = diag(logspace(0,cnd10,100));

[U,S,V] = svd(randn(100) + i*randn(100)); B = U*Dx*V’;

Then it holds approximately that x(B) ~ cnd. Table 2 displays the maximum radii
and numbers of eigenvalues for which the algorithms failed for various cnd.

From Table 2, when cnd = le+8, le+12, the radii by Vl1a, V1b, V2a, and V2b
seem to be smaller than those by M1, M2a, and M2b. However, this comparison is not
fair. The reason is that the numbers of the failure in the former algorithms are larger
than those in the latter algorithms. The number of the failure in M2b was larger
than those in M2a. The reason is guessed as follows: The sum Zzlz_lk nj, in M2b
was larger than that in M2a, so that the number of the updated diagonal element of
D in M2b was also larger than that in M2a. This caused loss of accuracy of D, ie.,
enlargement of several components of |R|. From this enlargement, the conditions in
Algorithms 4 or 5 could not be verified.

Example 5.3. In this example, we observe the properties of the algorithms in the
case when (1.1) has defective eigenvalues. Let

2 210 1 100
0 111 . . 0 1 10
Ap = 1 ~10 0 | whose Jordan canonical form is 00 1 1
1 111 00 01
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TABLE 3
Mazimum radii for eigenvalues (upper part), invariant subspaces (middle part), and numbers
of failure (lower part) in Example 5.3.

m | M1 M2a  M2b Vlia V1ib V2a V2b

4 faily  faily  3.2e-2 faily  faily faily 4.9¢e—4
5 faily faily 4.5e-2 faily faily faily 5.6e—4
6 faily  faily  3.3e-2 faily  faily  faily 1.9e-3
7 faily  faily fails faily  faily faily faily

4 faily faily 8.3e-3 faily  faily faily 4.6e-5
5 faily faily 2.8e-2 faily  faily faily 1.9e-4
6 faily  faily  5.0e+1  faily faily faily 8.4e-3
7 fail Y failt failt faﬂv failv faﬂv faﬂv

4 16 16 0 16 16 16 4

5 20 20 0 20 20 20 4

6 24 24 0 24 24 24 8

7 28 28 28 28 28 28 28

Hence 1 is the four-fold defective eigenvalue of Ag. Let also B = I,, and

Ay AWL2) Alm)
24, AZ3) A2m)
A = T, . ’
(m _ 1)AO A(m—l,m)

TTLAQ
where A2  A(m=1m) are random submatrices generated by randn. Then A
is block upper triangular having m Jordan block of size 4, so that (1.1) has four-
fold defective eigenvalues 1,...,m. Table 3 displays quantities similar to Table 2
for various m. Note that Ag,...,mAg can be stored exactly in the double precision

floating point numbers for m in these tables.

M1 and M2a failed for all the problems. M2b succeeded when m = 4, 5, 6,
however, even if (1.1) has defective eigenvalues. The reason M2a and M2b failed
and succeeded, respectively, is as follows: Let A, and A, be the approximations of
the same defective eigenvalue. Then le-8 < fi(|A, — A,|) < le-6 followed for most
of the approximations. In M2a, therefore, these approximations were allocated to
different blocks, so that x(X) was extremely large, and fail; or faily occurred. In

M2b, however, these approximations were allocated to the same block, so that x(X)

was not too large. When m = 7, alternatively, M2b failed since x(X) was too large.
In fact, x(X) in M2b increased as m increased, although four approximations of the
each defective eigenvalue were allocated to the same block in all the cases. Clarifying

the reason for the increase of £(X) will be our future work.

6. Appendix. In what follows we display the MATLAB code for executing the
BD discussed in this paper, where lyap is the function in the Control System Toolbox
which solves the Sylvester equation.
function [X,D,Blks] = bdg(A,B,tol)
% BDG executes the BD, where Blks is the vector of block sizes.
% tol is a tolerance for determining eigenvalue clusters, i.e. blocks.

[X,D] = schur(B\A,’complex’); % Schur decomposition

% computation of cluster index vector
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flg = ones(n,1); % flag showing approximate eigenvalues are not allocated
cv_ctr = 1; % cluster index counter
cv = zeros(n,1); % cluster index vector
d = diag(D); didx =1; «clt =1; £flg(l) = 0; wval = d(1); d(1) = inf;
while max(flg) ==
[min_dst,min_idx] = min(abs(val - d));
if min_dst > tol ¥ the cluster is separated from the other
cv(clt) = cv_ctr; cv_ctr = cv_ctr + 1;
idx = find(flg,1,’first’); clt = idx;
flg(idx) = 0; wval = d(idx); d(idx) = inf;

else
clt = [clt;min_idx]; d(min_idx) = inf; flg(min_idx) = 0;
end
end
cv(clt) = cv_ctr;

[X,D] = ordschur(X,D,cv); % Schur decomposition with reordering

% elimination of off-diagonal elements
idx = 1; Blks = []; ctr = 0; % ctr: block size counter
while idx + ctr <= n-1
if abs(D(idx,idx) - D(idx+ctr+l,idx+ctr+1)) > tol Y elimination possible
V = lyap(D(idx:idx+ctr,idx:idx+ctr),-D(idx+ctr+l:end,idx+ctr+l:end),...
D(idx:idx+ctr,idx+ctr+l:end)); % solving Sylvester equation
D(idx:idx+ctr,idx+ctr+l:end) = 0; % elimination
X(:,idx+ctr+l:end) = X(:,idx:idx+ctr)*V + X(:,idx+ctr+l:end);
idx = idx + ctr + 1; Blks = [Blks;ctr+1]; ctr = 0;
else
ctr = ctr + 1;
end
end
Blks = [Blks;ctr+1];
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